Abstract. Over a large class of function fields, we show that the solutions of some linear equations in the topological closure of a certain subgroup of the group of units in the function field are exactly the solutions that are already in the subgroup. This result solves some cases of the function field analog of an old conjecture proposed by Skolem.
Introduction
Let K/k be a function field, i.e., K is finitely generated over k with transcendence degree 1 such that k is relatively algebraically closed in k. Let Ω K/k be the set of all places of K/k. Let M be a natural number, and A M be the affine M -space, whose coordinate is denoted by X = (X 1 , . . . , X M ). M defined by b·X = 0 (resp. b·X = 1). We fix a cofinite subset Ω ⊂ Ω K/k and endow v∈Ω K * v with the natural product topology. Via the diagonal embedding, we identify any subgroup Γ ⊂ K * with its image in v∈Ω K * v , and denote by Γ its topological closure. Moreover, for each v ∈ Ω K/k , the inclusion Γ ⊂ K * v is continuous and therefore induces a subtopology of Γ, which will be referred to as v-adic subtopology.
The purpose of this paper is investigate the circumstances where the equalities
hold. In the case where M = 1, both sides of (1) are always empty; however, Example 0 in [Sun] shows that (2) may fail unless we make some restrictions on the largeness of Γ. In the characteristic zero case, this is indeed the only assumption needed.
Theorem 1. Suppose that k has characteristic 0. Let Γ ⊂ K * be a subgroup contained in O * S for some finite S ⊂ Ω K/k . Then for any v ∈ Ω K/k , the v-adic subtopology of Γ is discrete. In particular, both (1) and (2) hold.
In the case where k is finite, the main result in [Sun] shows that (2) holds if M = 1 and Γ is finitely generated. Nevertheless, Example 1 suggests that even in the case where M = 2, both (1) and (2) can fail in general, unless we put some mixed assumptions on b and Γ. Recall that K is separably generated over k if there exists t ∈ K such that K is finite separable over k(t). The separable Hilbert subset H k (f 1 , . . . , f m ; g) of k, where each f i (T, X) is a separable irreducible polynomial in k(T )[X] and g(T ) is a nonzero polynomial in k[T ], consists of those a ∈ k such that g(a) = 0 and each f i (a, X) is defined and irreducible in k[X] [FJ08] . For each i, let ψ i :
be the map which replaces the i-th component of a ∈ A M (K * ) by 1 and keeps the others unchanged. We shall prove the following result.
Theorem 2. Suppose that k has characteristic p, and either
• that k is finite, or • that K is separably generated over k, that each separable Hilbert subset of k is infinite, and that k contains only finitely many roots of unity.
(1) Each R m is a finite set.
(2) Suppose that there is some m such that for every r ∈ A M (R m ) the components of br are linearly independent over kK p m . Then both sides of (1) are empty. A large class of fields satisfy the assumption of Theorem 2 on k. In fact, if k is a global field, then each separable Hilbert subset of k is infinite ([FJ08], Theorem 13.3.5) and k contains only finitely many roots of unity; these two properties are preserved under a purely transcendental extension with arbitrary cardinality as its transcendence degree (op. cit., Proposition 13.2.1) and any algebraic extension with a finite separable degree (op. cit., Proposition 12.3.3).
Some brief remarks on the hypotheses of Theorem 2 follow. In case where M = 1, the assumptions in (2) and (3) are vacuous. When k is finite and M = 2, using Lemma 3 in [Vol98] , we may replace the assumption in (2) with
Example 1. Let K = F p (t) be a purely transcendental extension of F p , and Γ = t, −t, 1 − t be the subgroup of K * generated by t, −t, and 1 − t. Take Ω ⊂ Ω K to be a cofinite subset such that Γ is contained in the valuation ring O v for every v ∈ Ω, and b = (1, 1) ∈ A 2 (K * ). The sequence (t
In case where Γ ⊂ O * S and b ∈ A M (O * S ) for some finite S ⊂ Ω K/k , the equalities (1) and (2) are stronger assertions than the function field analog of an old conjecture raised by Skolem [Sko37] . To state his conjecture, we make the following abbreviation:
In the case where K is a number field and S contains all Archimedean places, Skolem asserts that
should always hold, and gives a proof when M = 2 [Sko37] . The validity of Skolem's assertion seems to have been largely ignored in the recent literature until Harari and Voloch [HV10] noticed its connection with (1) and (2). In fact, we may translate Theorem 1 and Theorem 2 into results on Skolem's conjecture via the following equivalences: * is finitely generated (Corollary 1 of Proposition 14.1, [Ros02] ). Now we show that √ G v is finitely generated under the additional hypothesis that k contains only finitely many roots of unity. Note that
Proof of the Main Results
, which is exactly the group of roots of unity in k. This completes the proof.
Proof of Theorem 1:
is open in the v-adic subtopology of Γ. Since k has characteristic zero, the quotient groups U n /U n+1 are torsion-free for all n. The proof of Lemma 1 shows that U 1 is finitely generated, hence U n is trivial for some n.
Lemma 2. Suppose that K is separably generated over k, and that each separable Hilbert subset of k is infinite. Let L be a finite separable extension of K. Then there are infinitely many v ∈ Ω K/k which extend uniquely and unramifiedly to a place of L.
Proof. Since K is separably generated over k, it is enough to assume that K = k(t), in which case the desired property follows from the infiniteness of the separable Hilbert subset H k (f ; 1), where L = K(y) with y a root of the separable polynomial f ∈ k(T ) [X] . Proof. The case where k is finite is proved in Lemma 12 of [Sun] . Thus we assume that k is infinite. By Lemma 1, we may assume that √ Γ is finitely generated; then by Lemma 5 of [Sun] , we may further assume that Γ = √ Γ. Let L be the finite Galois extension of K obtained by adjoining all the m-th roots of every element in Γ. For each field E such that K ⊂ E ⊂ L, Lemma 2 yields a place v E ∈ Ω which extends to a unique place v E of E such that [E vE : 
m and let F be the extension of K obtained by adjoining an m-th root of x. Then we have
follows that x has no m-th root in K vE , which contradicts the assumption x ∈ U S by Hensel's lemma.
Lemma 4. Suppose that k has characteristic p, and that k contains only finitely many roots of unity. Let Γ ⊂ K * be a subgroup contained in O * S for some finite S ⊂ Ω K/k . Then for every v ∈ Ω K/k , any subgroup of Γ containing Γ 
, which is continuous with respect to the v-adic subtopology of Γ. Since this map factors through Γ/Γ p n , its image is finite, whence discrete. This completes our proof. Corollary 1. Suppose that K/k satisfies the assumptions in Theorem 2. Let Γ ⊂ K * be a subgroup contained in O * S for some finite S ⊂ Ω K/k . Then any subgroup of Γ containing Γ m for some m ∈ N is open.
. This finishes the proof since min 0≤j≤p n −1 v(φ(s j ) − j) is independent of x.
For each v ∈ Ω K/k and each natural number m, denote by (kK
Suppose that k has positive characteristic p, and that K is separably generated over k. Let b ∈ (K * ) M , and let m be a natural number.
a) Suppose that the components of b are linearly independent over kK p m .
Then we have
b) Suppose that for some j the components of ψ j (b) are linearly independent over kK
If, moreover, the components of either b or some ψ l (b) are linearly dependent over kK p m , then we have
Proof. Choose t ∈ kK such that k(t) ⊂ kK ⊂ k((t)). By Remark 1 in [GV87] , there exists an iterative derivation {D Kv (c j ) = 0, we have that
Denote by c (resp. e) the M -by-1 matrix with the j-th component c j (resp. D Proposition 1(a) shows that v∈Ω W br (kK 
